Abstract. The purpose of the paper is to introduce a novel cell boundary element (CBE) method for the convection dominated diffusion equation. The CBE method can be viewed as a Petrov-Galerkin type method defined on the skeleton of a mesh. The proposed method utilizes continuity of normal flux on each inter-element boundary. By constructing a local basis (mesh-oriented element) that is dependent upon the orientation of the mesh we could obtain a stable non-oscillatory numerical scheme. We also consider a local basis (windoriented element) which incorporates the wind direction. Numerical examples are presented to compare various elements with the existing method such as the streamline diffusion method (SUPG).
Introduction. We consider the convection-diffusion equation:
−ǫ △ u + a · ∇u = f in Ω, (1.1a) u = 0 on ∂Ω, (1.1b) where Ω is a bounded polygonal domain in the plane. Here the unit vector a is the direction of convection. Define L(u) := −ǫ △ u + a · ∇u.
In the convection dominated case, in which ǫ ≪ 1, the standard Galerkin finite element method produces spurious oscillations if the local mesh size is not small enough. Among possible remedies for this nonphysical behavior, several different methods based on the finite element approach have been developed in the literature: SUPG (Streamline Upwind/Petrov-Galerkin; also known as streamline diffusion) [5, 6] , bubble function method [2, 3, 4] , exponential basis function method [17, 18] , the exponentially fitted box method [1, 14] , spectral methods [19, 13] , and adaptive grid methods [10, 11, 9, 12] . For a thorough description and analysis of ad hoc
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discretization schemes for convection-diffusion and singularly perturbed boundary value problems, we refer to [16] and [15] . In this paper we propose a novel cell boundary element (CBE) method for the model convection diffusion equation. The CBE method is based on the flux continuity of the solution u at interior edges of meshes, therefore, it has a flavor of the finite volume method (or the box method). For more details of the CBE method see articles [7] and [8] .
The method proposed here relies on the construction of the non-conforming elements φ's (continuous at nodal points, but not necessarily on edges) satisfying Lφ = 0 locally and the flux conservation property at the element level. Since the choice of such φ's is not unique we can have many different variants depending on basis functions. We consider an axis parallel triangulation for discretization of the domain and the local basis is of the type
for each triangle, where a × x = a 1 x 2 − a 2 x 1 is the two-dimensional cross product. Among the possible variations, we are interested in two cases, namely, the windoriented element with b T = a |a| and the mesh-oriented element with
for a cell T with vertices (0, 0), (0, ∆y) and (∆x, ∆y)). Note that in [17, 18] exponential basis functions are studied in the standard finite element setting and they can be viewed as a special case of our local basis (1.2). Our findings through numerical experiments are that the mesh-oriented element gives a stable, non-oscillatory numerical scheme. It shows a rather diffusive nature. However, the element performs very well when the wind direction has a dominant component, for example, |a 1 | |a 2 |. Note that convection dominated diffusion problems with strong anisotropic diffusion coefficients can be transformed by a simple change of variables to the problem (1.1) with the wind direction having a dominant component. On the other hand, the wind-oriented element performs as good as the streamline diffusion method. It is known [2] that the streamline diffusion method would not give very satisfactory results in the computation of the problem having internal layers as well as outflow boundary layers (see (4.2) below). It is observed that the wind-oriented element performs a little bit better than the streamline diffusion method in this case. Note that the streamline diffusion method needs to design proper stability parameters, while our methods do not.
The remainder of this article is organized as follows. In the next section, the CBE method for convection-diffusion problems is derived and an efficient way of treating the right-hand side arising from the CBE method is described. In section 3 it is explained how numerical diffusion and numerical oscillations are dependent on the choice of b T in (1.2). In section 4, several numerical examples are given to test the performance of the proposed method.
triangulation T h , respectively. Furthermore, we set the skeleton of the mesh T h as
where E h (p) the set of all edges e that are jointed to a vertex p (See Figure 1 for an example of local skeleton). Let us introduce the local basis again:
The local basis in (2.1) satisfies Lφ = 0 on each T . The non-conforming element is
In view of Equation (2.1), we can have various choices for local element by changing b T . We will consider in §4 two elements for numerical experiments which shows a major difference in the solutions. The wind-oriented element and the meshoriented element are defined as follows: a) the wind-oriented element is 
The solution space for the CBE method is the subspace
Therefore, our solution may be discontinuous across edges of the triangle and is continuous at all vertices. Now we introduce an approximation of the Dirichlet-Neumann map:
We next derive the cell boundary element method. Consider the following localized problem for each
On each local skeleton the jump condition on the flux (2.6) can be weakened as follows: Now we will derive the representation of ∂u ∂ν . The convolution Γ * f is a special solution of (2.6) so that
8) where Γ(x) is the fundamental solution such that (LΓ)(x) = δ(x). It follows that
By the definition of the Dirichlet-Neumann map,
from which we get
Invoking (2.7), we obtain the flux continuity equation:
Equation (2.12) is the starting point of our numerical scheme. The CBE method is to find u h ∈ V h such that
Note that Equation (2.13) gives a square system. To obtain the source term in the equation (2.13) we need to know the fundamental solution Γ. Then, we have to calculate the convolution Γ * f and ∂ ∂ν (Γ * f ) on the boundary of each cell T . Another alternative is that we obtain the fine resolution solution, Lw = f on T with the boundary data w = 0 on ∂T and calculate ∂w ∂ν on the boundary ∂T . Both processes can involve costly numerical computations.
We end this section by introducing so called a polynomial method for the calculation of the source term in the equation (2.13 ). This will provide a computationally cheaper alternative compared to the above mentioned methods. We will find a polynomial
14)
The followings are examples for H T :
• when f = 1, we have
For higher order polynomial terms in f , we can obtain H T in a similar way as the above. When f is a smooth function, f can be approximated by a polynomial locally on each T and we obtain an approximation H T of Γ * f .
Remark 2.1. Suppose we have nonhomogeneous Dirichlet boundary data u(x) = g(x) on ∂Ω. Then we can set
Therefore, we have a square system such that
3. Numerical Diffusion and Oscillation. Most numerical methods for convection dominated diffusion equations generate numerical oscillation or diffusion. In this section we investigate these phenomena.
3.1. Numerical diffusion. First of all, we investigate numerical diffusion caused by the parameters, b T and of ψ 3 in S T (see (2.1)), which is the only dependent element on these parameters. We assume a and the level of discretization is fixed to single out the numerical diffusion caused by b T and . For simplicity of discussions we assume a 1 , a 2 > 0 and 0 ≤ b 1 ≤ b 2 and h = k in Figure 2 . Since
for the triangle in 
and the normal flux is independent of and our method will be almost independent of for < 0 (b T , δ). Therefore, 0 (b T , δ) serves as an indicator for diffusiveness of our numerical method. Now, we will investigate how fast ψ 3 (p 1 ) does decay as approaches 0, equivalently how large 0 (b T , δ) is. Since |b T | = 1, consider a substitution b 1 = cos(t) and b 2 = sin(t). Then which produces the mesh oriented element. Therefore, the mesh oriented element yields the most diffusive method and taking b T ≈ (0, 1) will yield less diffusive but more oscillatory numerical method. Figures 3 and 6 support our discussions. Now, we investigate the effect of convection vector a. For this, we assume b T is fixed. If we look at ψ 3 , a · b T is the largest when a = b T . Then ψ 3 (p 1 ) decays fastest as goes to 0, which means the solution must be quite diffusive. On the other hand, if 0 < a 1 << a 2 or 0 < a 2 << a 1 the solution must be much less diffusive. We can observe it numerically by comparing Figures 3 and 6. 3.2. Numerical oscillation. It will be convenient to look at the local stiffness matrix using a stencil notation, in which the position of a coefficient represents the neighborhood of u h (p) to which it is applied (see, (3.1) and Figure 1 ). The local stiffness matrix contributes to a row of the system stiffness matrix. Because analytic evaluation of the local stiffness matrix is not easy except for a special case, we will use our numerical experiences for discussions. Numerical oscillations occur when is very small while the mesh is not fine enough. Thus, we concentrate on the case that the mesh is coarse but is very small. 
Then the system stiffness matrix is an M-matrix and the diagonal entry equals the absolute sum of the other entries. This means that the approximate solution u h (p) takes the value of some weighted average of the neighboring values of u h (p). This seems to give a non-oscillating property of the mesh oriented element. When the mesh gets finer or is a larger positive number, the system matrix becomes no more an M-matrix. We also observe that when a non-uniform mesh is used, the system matrix is not an M-matrix but positive non-diagonal entries are very small.
Next, we look at the wind oriented element. For this, consider a boundary value problem (1.1) defined in Ω h (Figure 1) with the boundary data given as follows: u = 1 on the boundary pieces connecting q 1 and q 5 (endpoints inclusive) counterclockwise, and the boundary data u = 0 elsewhere. Let = 10 −6 , a1 a2 = 1 3 and h = k = 1/20. In this case the local stiffness matrix in stencil form is given as follows:
Here, the nodal boundary conditions are written in parentheses. Then the computed solution is u h (p) = 1.03 while the exact solution is almost u(p) = 1. Even though it is a small scale swelling, the approximate solution clearly exhibits numerical oscillation.
4. Numerical Examples. In this section, we will test the performance of the cell boundary element method and compare it with that of the streamline diffusion method.
First, to check the convergence order of the proposed method, we consider a convection diffusion equation on Ω = (0, 1) × (0, 1):
with the boundary data u(x, y) = 0, where a = (
) and f (x, y) = 2 π 2 sin(πx) sin(πy) + π √ 10 cos(πx) sin(πy) + 3π √ 10 sin(πx) cos(πy).
The exact solution is then u(x, y) = sin(πx)sin(πy). Our method has basically the second order convergence in L 2 (Ω)-norm. Table 1 is the convergence results when the mesh-oriented elements are used. When = 10 −1 , 10 −2 , the the second order convergence is clearly shown. When = 10 −3 it shows only the increasing trend of convergence rates as the mesh gets finer. We believe that the convergence rate will end up as being of order 2 if h gets much smaller. Similar convergence behavior is observed with the wind-oriented elements. It is worth to note that the CBE solution with the mesh oriented element is remarkably similar to that of the exponentially fitted box method (a kind of finite volume method) (cf, Figure 3 in [18] ).
Next, consider convection diffusion equations on Ω = (0, 1) × (0, 1): Note that there is a discontinuity in the inflow Dirichlet data and the discontinuity is propagated into the domain creating an interior layer along the streamline direction. Moreover, due to homogeneous Dirichlet conditions at the outflow boundary, the solution exhibits outflow boundary layers. Here 
As shown in the figures all the methods are somewhat diffusive. As discussed in the previous section using the mesh oriented element generates more diffusive solutions than using the wind oriented element. Moreover, when |a 1 | << |a 2 | both elements generate less diffusive solution.
When the wind-oriented element is used the CBE solution looks a little bit better than that of the streamline diffusion method (see Figure 3 and Figure 4 ). Both methods catch the interior layers quite well but they are a bit oscillatory. On the other hand the CBE solution with the mesh-oriented element is non-oscillatory as discussed in the previous section. But it does not catch the sharp interior layer very well; in a sense it behaves like an upwind method.
Figures 5 and 6 are for comparison of the CBE methods and the streamline diffusion method for some extreme cases. The wind-oriented element and the streamline diffusion method make the solution more oscillatory when the wind direction a of the problem has a dominant component, for example, |a 1 | |a 2 |. However, the meshoriented element produces very good results as seen from Figures 5 and 6. It should be noted that convection dominated diffusion problems with strong anisotropy in the diffusion coefficients can be transformed by a simple change of variables to the problem (1.1) with the wind direction having a dominant component. As a concluding remark, we mention that the CBE method with the mesh-oriented element is very attractive for convection dominated diffusion problems with a dominant component in the wind direction. Otherwise, the wind-oriented element performs as good as the streamline diffusion method. Overall, the CBE method seems to be very competitive to the existing method such as the streamline diffusion method. Further analysis on the convergence behavior of the CBE method will be a part of our future studies.
